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Abstract. In this paper we obtain a characterization of little Hankel operators defined on
the Bergman space of the unit disk and then extend the result to vector valued Bergman
spaces. We then derive from it certain asymptotic properties of little Hankel operators.
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1. INTRODUCTION
Let dA(z) be the Lebesgue area measure on the open unit disk D, normalized so that the
measure of the disk D equals 1. The Bergman space A2(D) is the Hilbert space consisting of
analytic functions on D that are also in L2(D, dA). For z ∈ D, the Bergman reproducing ker-
nel is the function Kz ∈ A2(D) such that f(z) = ⟨f,Kz⟩ for every f ∈ A2(D). The normal-
ized reproducing kernel kz is the function Kz∥Kz∥2 . Here the norm ∥ · ∥2 and the inner product
⟨, ⟩ are taken in the space L2(D, dA). For any n ≥ 0, n ∈ Z, let en(z) =
√
n+ 1zn. Then
{en}∞n=0 forms an orthonormal basis [23] for A2(D). Let K(z, w¯) = Kz(w) = 1(1−zw)2 =∞
n=0 en(z)en(w). Let L
∞(D) be the space of all essentially bounded Lebesgue measurable
functions on D with the norm ∥f∥∞ = ess supz∈D |f(z)|. For φ ∈ L∞(D), the Toeplitz
operator Tφ with symbol φ is the operator on A2(D) defined by Tφf = P (φf); here P is the
orthogonal projection from L2(D, dA) onto A2(D). The Hankel operator Hφ : A2(D) →
(A2(D))⊥ with symbol φ ∈ L∞(D) is defined by Hφf = (I − P )(φf). The little Hankel
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operator Sφ : A2(D) → A2(D) is defined by Sφf = PJ(φf) where J : L2(D, dA) →
L2(D, dA) is defined as Jf(z) = f(z). There are also many equivalent ways of defin-
ing little Hankel operators on the Bergman space. For example, for φ ∈ L∞(D), define
Γφ : A2(D) → A2(D) as Γφf = P (φJf). It is not difficult to see that Γφ = SJφ. Here
we refer both the operators Sφ and Γφ as little Hankel operators on the Bergman space. Let
H∞(D) be the space of bounded analytic functions on D. Let Aut(D) be the Lie group of all
automorphisms (biholomorphic mappings) of D. We can define for each a ∈ D, an automor-
phism φa in Aut(D) such that
(i) (φa o φa)(z) ≡ z;
(ii) φa(0) = a, φa(a) = 0;
(iii) φa has a unique fixed point in D.
In fact, φa(z) = a−z1−az for all a and z in D. An easy calculation shows that the derivative of
φa at z is equal to−ka(z). It follows that the real Jacobian determinant of φa at z is Jφa(z) =
|ka(z)|2 = (1−|a|
2)2
|1−az|4 . Given a ∈ D and f any measurable function on D, we define a func-
tion Uaf on D by Uaf(z) = ka(z)f(φa(z)). Notice that Ua is a bounded linear operator on
L2(D, dA) and A2(D) for all a ∈ D. Further, it can be verified that U2a = I , the identity
operator, U∗a = Ua, Ua(A
2(D)) ⊂ A2(D) and Ua((A2(D))⊥) ⊂ (A2(D))⊥ for all a ∈ D.
Thus UaP = PUa for all a ∈ D.
Let T = {z ∈ C : |z| = 1} and L2(T) be the space of square integrable, measurable
functions on T with respect to the normalized Lebesgue measure on T. The sequence
{εn(z)}∞n=−∞ = {einθ}∞n=−∞ forms an orthonormal basis for L2(T). Given f ∈ L1(T),
the Fourier coefficients of f are cn(f) = 12π
 2π
0
f(eiθ)e−inθdθ, n ∈ Z, where Z is the set
of all integers. The Hardy space H2(T) is the subspace of L2(T) consisting of functions f
with cn(f) = 0 for all negative integers n. Since cn = cn(.) is a bounded linear functional
on L2(T) for any fixed n, and H2(T) =

n<0 ker cn, it follows that H
2(T) is a closed
subspace of L2(T) and therefore a Hilbert space.
Let L∞(T) be the space of all essentially bounded measurable functions on T. For
φ ∈ L∞(T), we define the multiplication operator Mφ from L2(T) into itself by Mφf = φf .
The multiplication here is to be understood in the obvious sense, namely it is the pointwise
one: (φf)(eiθ) = φ(eiθ)f(eiθ) for all θ ∈ [0, 2π]. Let P be the orthogonal projection
of L2(T) onto H2(T). For φ ∈ L∞(T), the Toeplitz operator Tφ on H2(T) is defined
by Tφf = P(φf) for f in H2(T) and the Hankel operator Sφ : H2(T) → H2(T) as
Sφf = PJ(φf) where J(eiθ) = e−iθ, 0 ≤ θ ≤ 2π. The function φ is called the symbol of the
Hankel operator Sφ. Let H2(D) be the space of analytic functions on D which are harmonic
extensions of functions in H2(T). It is not very important [10] to distinguish H2(D) from
H2(T). Let L(H) be the set of all bounded linear operators from the Hilbert space H into
itself and LC(H) be the set of all compact operators in L(H).
In 1964, Brown and Halmos [5] established that T ∈ L(H2(T)) is a Toeplitz operator
if and only if T ∗z TTz = T . Further, they have shown that TTz = TzT if and only if
T = Tφ, φ ∈ H∞(T). In 1996, Cao [6] established that there is no nonzero bounded operator
T ∈ L(A2(D)) such that T ∗z TTz = T . Englis [11] in 1988 proved that if A,B ∈ L(A2(D))
are such that ATfB = Tf for all f ∈ L∞(D) then both A and B are scalar multiples of
the identity. Nehari [22] in 1957 gave a characterization of Hankel operators on the Hardy
space. Nehari showed that if H ∈ L(H2(T)) then T ∗z H = HTz if and only if there exists
φ ∈ L∞(T) such that H = Sφ, a Hankel operator with symbol φ. In 1991, Faour [15]
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established that if S ∈ L(A2(D)) then T ∗z S = STz if and only if there exists a φ ∈ L∞(D)
such that S = Sφ, a little Hankel operator on the Bergman space.
M. Englis [12,14] showed that Toeplitz operators on A2(D) are dense in L(A2(D)) in the
weak operator topology and their norm closure contains all compact operators. Barria and
Halmos [3], Feintuch [16] and Das [7] introduced the concept of asymptotic Toeplitz and
asymptotic Hankel operators on the Hardy and Bergman spaces.
In this paper we obtain a new characterization of little Hankel operators defined on the
Bergman space of the disk A2(D) involving inner functions and then extend the result for op-
erators defined on vector valued Bergman spaces. We also derive from these certain asymp-
totic properties of little Hankel operators and Toeplitz operators. In Section 2, we obtain
a characterization of little Hankel operators defined on A2(D) and vector valued Bergman
spaces A2Cn(D), n ≥ 1. In Section 3, we derive certain asymptotic properties of little Hankel
operators.
2. CHARACTERIZATION OF LITTLE HANKEL OPERATORS ON THE BERGMAN SPACE
In this section we obtain a characterization of little Hankel operators defined on the
Bergman space A2(D). We then extend the result to obtain a characterization for little Hankel
operators defined on vector valued Bergman spaces.
Let a1, a2, . . . be a sequence of complex numbers such that 0 < |a1| ≤ |a2| ≤ · · · < 1
and
∞
n=1(1 − |an|) < ∞. Then the infinite product B(z) =
∞
n=1
an
|an|
an−z
1−anz converges
uniformly in each disk |z| ≤ R < 1. Each an is a zero of B(z), with multiplicity equal to the
number of times it occurs in the sequence, and B(z) has no other zeros in |z| < 1. Finally,
|B(z)| < 1 in |z| < 1 and |B(eiθ)| = 1 a.e.
A function of the form B(z) = zm
∞
n=1
an
|an|
an−z
1−anz is called a Blaschke product. Here m
is a nonnegative integer and
∞
n=1(1− |an|) <∞. If the set {an} is empty, it is understood
that B(z) = zm.
It is well known [10] that every function u ∈ H∞(D) can be extended almost everywhere
onT via taking radial limits: u(eit) = limr→1 u(reit). These radial limits uniquely determine
u. Recall that a function u ∈ H∞(D) is called an inner function if |u(eit)| = 1 almost
everywhere on T. A finite Blaschke product is a function of the form B(z) = λ
n
j=1
aj−z
1−ajz
where |aj | < 1 for all j and |λ| = 1.
In Theorem 1, we obtain a characterization of little Hankel operators on the Bergman
space.
Theorem 1. Let S ∈ L(A2(D)). Then Tq¯S = STq for all inner functions q ∈ H∞(D) if
and only if S is a little Hankel operator on the Bergman space. That is, S = Sφ for some
φ ∈ L∞(D).
Proof. Let Tq¯S = STq for all inner functions q ∈ H∞(D). Since z is inner, we obtain
Tz¯S = STz . By Theorem 2 of [15], there exists ψ ∈ L∞(D) such that S = Sψ , a little
Hankel operator on A2(D) with symbol ψ.
Now to prove the converse, without loss of generality, let S = Sφoφa for some φ ∈
L∞(D), a ∈ D. For if S = Sψ then S = S(ψoφa)oφa for all a ∈ D. Then T ∗φaS = UaT ∗z
UaSφoφa = UaT
∗
z UaUaSφUa = UaT
∗
z SφUa as U
2
a = I . Similarly, STφa = UaSφUaUa
TzUa = UaSφTzUa. It is shown in [15] that T ∗z Sφ = SφTz . Thus T
∗
φa
S = STφa . Let Bn =
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i=1
ai
|ai|
ai−z
1−aiz =
n
i=1
ai
|ai|φai be a finite Blaschke product in H
∞(D). Let αi = ai|ai| , i =
1, . . . , n. It is well known [1] that T ∗ψ1Tψ2 = Tψ¯1ψ2 if either ψ1 ∈ H∞(D) or ψ2 ∈ H∞(D).
Using this we obtain,
T ∗BnS =
T ∗n
i=1
αiφai
S
= T ∗α1φa1T
∗
α2φa2
· · ·T ∗αnφanS
= STα1φa1Tα2φa2 · · ·Tαnφan
= ST n
i=1
αiφai
= STBn .
Since every Blaschke product B is the uniform limit [17] of finite Blaschke products, we ob-
tain T ∗BS = STB . It is shown in [20] that every inner function is the uniform limit of Blaschke
products and hence it follows that T ∗q S = STq for all inner functions q ∈ H∞(D). 
Let Mn be the set of all n×n matrices with complex entries. Let A2Cn(D) = A2(D)⊗Cn.
For Φ ∈ L∞Mn(D) = L∞(D) ⊗Mn, define SΦ : A2Cn(D) → A2Cn(D) as SΦf = P(J(Φf))
where P is the orthogonal projection from L2,Cn(D, dA) onto A2Cn(D), J : L2,C
n
(D, dA)→
L2,C
n
(D, dA) is defined as JF (z) = F (z) and (ΦF )(z) = Φ(z)F (z), z ∈ D. Define TΦ on
A2Cn(D) as TΦF = P(ΦF ). Let In×n be the n× n identity matrix.
Theorem 2. Let S ∈ L(A2Cn(D)). Then Tq¯In×nS = STqIn×n for all inner functions q ∈
H∞(D) if and only if S is a little Hankel operator on the Bergman space A2Cn(D). That is,
S = SΦ for some Φ ∈ L∞Mn(D).
Proof. Let S ∈ L(A2Cn(D)). Since A2Cn(D) = A2(D)⊕A2(D)⊕ · · · ⊕A2(D), hence
S =

S11 S12 · · · · · · S1n
S21 S22 · · · · · · S2n
· · · · · · · · · · · · · · ·
Sn1 Sn2 · · · · · · Snn

where Sij ∈ L(A2(D)), 1 ≤ i, j ≤ n. Thus Tq¯In×nS = STqIn×n for all inner functions
q ∈ H∞(D) if and only if Tq¯Sij = SijTq for all inner functions q ∈ H∞(D), 1 ≤ i, j ≤ n.
But from Theorem 1, it follows that Sij = Sϕij ∈ L(A2(D)), a little Hankel operator on
A2(D) with symbol ϕij ∈ L∞(D), 1 ≤ i, j ≤ n. Hence
S =

Sϕ11 Sϕ12 · · · · · · Sϕ1n
Sϕ21 Sϕ22 · · · · · · Sϕ2n
· · · · · · · · · · · · · · ·
Sϕn1 Sϕn2 · · · · · · Sϕnn
 = SΦ ∈ L(A2Cn(D)),
a little Hankel operator with symbol Φ ∈ L∞Mn(D) and
Φ =
ϕ11 ϕ12 · · · · · · ϕ1nϕ21 ϕ22 · · · · · · ϕ2n
ϕn1 ϕn2 · · · · · · ϕnn
 .
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Now suppose SΦ is a little Hankel operator on A2Cn(D) with symbol
Φ =
ϕ11 ϕ12 · · · · · · ϕ1nϕ21 ϕ22 · · · · · · ϕ2n
ϕn1 ϕn2 · · · · · · ϕnn
 ∈ L∞Mn(D).
Since A2Cn(D) = A2(D)⊕ · · · ⊕A2(D), hence
SΦ =
Sϕ11 Sϕ12 · · · · · · Sϕ1nSϕ21 Sϕ22 · · · · · · Sϕ2n
Sϕn1 Sϕn2 · · · · · · Sϕnn

where Sϕij ∈ L(A2(D)) is a little Hankel operator on A2(D) with symbol ϕij ∈ L∞(D).
From Theorem 1, it follows that Tq¯Sϕij = SϕijTq, 1 ≤ i, j ≤ n, for all inner functions
q ∈ H∞(D). Hence
Tq¯In×nSΦ = SΦTqIn×n for all inner functions q ∈ H∞(D). 
3. ASYMPTOTIC PROPERTIES OF LITTLE HANKEL OPERATORS
In this section we derive certain asymptotic properties of Toeplitz and little Hankel oper-
ators defined on A2(D). Define a map W from H2(D) onto A2(D) as Wzn =
√
n+ 1zn,
n ≥ 0, n ∈ N and z ∈ D. The map W is an isometry operator [13] from H2(D) onto A2(D),
WW ∗ = IA2(D), the identity operator from A2(D) into itself and W ∗W = IH2(D), the
identity operator from H2(D) into itself.
Theorem 3 is just a superposition of results of the authors appeared in [8]. To make the
presentation self-contained, we give a sketch of the proof here again.
Theorem 3. Suppose T ∈ L(A2(D)). The following hold:
(i) If T ∗q+W ∗TW = W ∗TWTq for all inner functions q ∈ H∞(D) then there exists a
φ ∈ L∞(T) such that T =WSφW ∗ where Sφ is a Hankel operator on the Hardy space
H2(D). Here q+(z) = q(z).
(ii) Suppose N∗(W ∗TW )N = W ∗TW where N is the unilateral shift on H2(D). Then
there exists φ ∈ L∞(T) such that W ∗TW = Tφ, a Toeplitz operator on the Hardy
space H2(D) and (WJmq W ∗)T (WT m(zq)W ∗) → L strongly where L = WSφW ∗ ∈
L(A2(D)) asm→∞.
(iii) If K ∈ LC(A2(D)) then (WT ∗mq+ W ∗)K → 0 in norm as m → ∞, for all inner
functions q ∈ H∞(D).
(iv) If T ∗q+W ∗TW = W ∗TWTq for all inner functions q ∈ H∞(D) then T (WT mq W ∗)→
0 strongly asm→∞.
Proof. If T ∈ L(A2(D)) then W ∗TW ∈ L(H2(D)) and since T ∗q (W ∗TW ) = (W ∗TW )Tq
for all inner functions q ∈ H∞(D), hence by [8], there exists a function φ ∈ L∞(T) such that
W ∗TW = Sφ where Sφ is a Hankel operator on the Hardy space H2(D). This implies (i).
We shall now prove (ii). The first part of (ii) follows from [5]. Suppose T ∈ L(A2(D)).
By [8], Jmq (W
∗TW )T m(zq) → Sφ where Sφ is the Hankel operator on the Hardy space with
symbol φ ∈ L∞(T). Hence (WJmq W ∗)T (WT m(zq)W ∗) → L strongly as m → ∞ where
L =WSφW ∗.
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To prove (iii), letK ∈ LC(A2(D)). ThenW ∗KW ∈ LC(H2(D)). By [8], T ∗mq+ (W ∗KW )
→ 0 in norm as m→∞ for all inner functions q ∈ H∞(D). This implies (WT ∗mq+ W ∗)K →
0 in norm as m→∞.
Now we shall prove (iv). Suppose T ∗q+(W ∗TW ) = (W ∗TW )Tq for all inner functions
q ∈ H∞(D). Then by [8], there exists a function φ ∈ L∞(T) such that W ∗TW = Sφ. Again
by [8], it follows that (W ∗TW )T mq = SφT mq → 0 strongly as m→∞. 
Theorem 4. Let φ ∈ L∞(D) be such that ∥φ∥∞ ≤ 1, ker(T1−φ) = {0}. Then
S∗ΞT
n
1+φ
2
w−→ 0 for all Ξ ∈ L∞(D).
Proof. Assume that ∥φ∥∞ ≤ 1. Then ∥T 1+φ
2
∥ ≤ 1. Hence the sequence {T ∗n1+φ
2
}∞n=0 is
bounded. So by [2] the sequence {T ∗n1+φ
2
}∞n=0 has a subsequence which converges to an oper-
ator K ∈ L(A2(D)) in the weak operator topology. Without loss of generality, we shall as-
sume the original sequence {T ∗n1+φ
2
}∞n=0 converges to an operator K ∈ L(A2(D)) in the weak
operator topology. Hence

T ∗n+11+φ
2
f − T ∗n1+φ
2
f

, g

−→ 0 for every f, g ∈ A2(D) and
⟨T ∗n+11+φ
2
f, g⟩
∞
n=0
converges to ⟨Kf, g⟩ as n tends to∞ for all f, g ∈ A2(D). This implies
⟨T ∗n1+φ
2
f, T 1+φ
2
g⟩ −→ ⟨Kf, g⟩ for allf, g ∈ A2(D).
Thus ⟨Kf, T 1+φ
2
g⟩ = ⟨Kf, g⟩ for all f, g ∈ A2(D) and therefore T ∗1+φ
2
K = K. Further
since

⟨T ∗n1+φ
2
T ∗1+φ
2
f, g⟩
∞
n=0
converges to ⟨Kf, g⟩ for all f, g ∈ A2(D), we get
KT ∗1+φ
2
f, g

= ⟨Kf, g⟩ for all f, g ∈ A2(D).
Thus KT ∗1+φ
2
= K and T ∗
n
1+φ
2
K = K for all n ∈ Z+. That is,
⟨T ∗n1+φ
2
Kf, g⟩ = ⟨Kf, g⟩ for all f, g ∈ A2(D).
Taking limits on both sides, we obtain K2 = K. This proves that the operator K is an idem-
potent. Moreover, T ∗1+φ
2
K = K implies T ∗φK = K and KT
∗
1+φ
2
= K implies KT ∗φ = K. So
Ran (K) ⊆ ker(T1−φ).
On the other hand, for f ∈ ker(T1−φ), we have T ∗φf = f , so T ∗1+φ
2
f = f . Hence
T ∗
n
1+φ
2
f = f for all n ∈ Z+ and this implies Kf = f . Hence Ran (K) = ker(T1−φ).
To prove the inclusion Ran (T1−φ) ⊆ ker(K), let f ∈ A2(D) be an arbitrary element and
g = f−T ∗φf . Then we have Kg = Kf−KT ∗φf = Kf−Kf = 0. Hence g ∈ ker(K). Thus
we have shown that, if ∥φ∥∞ ≤ 1 then there exists an idempotent K ∈ L(A2(D)) whose
range is ker(T1−φ) and kernel contains Ran (T1−φ).
Now suppose ⟨Tn1+φ
2
f, g⟩ −→ 0 for all f, g ∈ A2(D). Then
⟨f, T ∗n1+φ
2
g⟩ −→ 0
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for all f, g ∈ A2(D). Since ∥φ∥∞ ≤ 1, the sequence {T ∗n1+φ
2
} is bounded and we have already
seen in the first part that
T ∗
n
1+φ
2
w−→ K
in L(A2(D)) and the operator K is an idempotent. Thus it follows that K = 0, the sequence
T ∗
n
1+φ
2
w−→ 0 and Ran (K) = ker(T1−φ) = {0}.
Conversely, assume that ker(T1−φ) = {0}. Since ∥φ∥∞ ≤ 1, the sequence {T ∗
n
1+φ
2
} is
bounded and
T ∗
n
1+φ
2

w−→ K ∈ L(A2(D)),
the operator K is an idempotent and Ran K = kerT1−φ = {0}. Thus it follows that K = 0
and T ∗
n
1+φ
2
w−→ 0. The result follows since S∗Ξ ∈ L(A2(D)) for all Ξ ∈ L∞(D). 
If m is a nonnegative integer and z ∈ D, the function K(m)z (w) = 1(1−zw)2+m , w ∈ D is
the reproducing kernel at z in the weighted Bergman space L2a(dAm), where
dAm(w) = (m+ 1)(1− |w|2)mdA(w).
The m-Berezin transform of an operator S ∈ L(A2(D)) is defined as
(BmS)(z) = (m+ 1)(1− |z|2)2+m
m
j=0

m
j

(−1)j

S(wjK(m)z ), w
jK(m)z

.
It is clear that BmS ∈ L∞(D) for every S ∈ L(A2(D)). Using the fact that
m
j=0

m
j

(−1)j |w|2j = (1− |w|2)m,
we see that if S = Tφ with φ ∈ L∞(D), then
(Bmφ)(z) = (BmTφ)(z)
= (m+ 1)(1− |z|2)2+m
m
j=0

m
j

(−1)j

D
φ(w)|w|2j
|1− zw|2(2+m) dA(w)
=

D
φ(w)
(1− |z|2)2+m
|1− z¯w|2(2+m) (m+ 1)(1− |w|
2)mdA(w)
=

D
φ(φz(ρ))(m+ 1)(1− |ρ|2)mdA(ρ),
where the last equality comes from the change of variables w = φz(ρ). Notice that
∥Bm(φ)∥∞ ≤ ∥φ∥∞ for all φ ∈ L∞(D). The 0-Berezin transform of an operator is the usual
Berezin transform. The m-Berezin transforms of functions (not necessarily bounded) were
introduced by Berezin in [4]. It is not difficult to verify that for S ∈ L(A2(D)) and m ≥ 0;
(m+ 2)(1− |z|2)Bm (S − Tw¯STw) (z) = (m+ 1)Bm+1 (T1−w¯zST1−wz¯) (z)
for every z ∈ D and ∥BmS∥∞ ≤ (m+ 2)2m∥S∥.
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Definition 1. A function q ∈ A2(D) is called an inner function in A2(D) if D(|q(z)|2 −
1)g(z)dA(z) = 0 for all g ∈ H∞(D).
For more details about Bergman space inner functions see [18].
Theorem 5. Let φ : D −→ D be analytic. Suppose there is p > 3 such that
sup
z∈D
∥T(BmSJφ)oφz1∥p < C and sup
z∈D
∥T ∗(BmSJφ)oφz1∥p < C (1)
where C > 0 is independent of m and q be a nonconstant inner function in A2(D). Then
TqmBmSJφ −→ 0 asm→∞.
Proof. Assume that the operator SJφ ∈ L(A2(D)) satisfies the condition (1). It follows
from [21] that TBmSJφ −→ SJφ in the operator norm asm −→∞. In particular TBmSJφ w−→
SJφ. Further, notice that ∥q∥A2(D) = 1 and |q(z)| < 1 for all z ∈ D. It is well known
[23] that the reproducing kernels {Kλ}λ∈D span A2(D). So, let f =
m
i=1 biKλi . Then
Tqm (
m
i=1 biKλi) =
m
i=1 biq(λi)
m
Kλi . HenceTqm

m
i=1
biKλi
 ≤
m
i=1
|bi||q(λi)|m∥Kλi∥ → 0
as m → ∞. Thus Tqm −→ 0 as m → ∞. Hence, it follows from [9] that TqmBmSJφ
−→ 0. 
Theorem 6. Let Sφ be a little Hankel operator on A2(D) with the symbol φ ∈ L∞(D)
with Sφ = V |Sφ| be the polar decomposition of Sφ and {zn}∞n=1 be a sequence in D with
|zn| → 1. Then Uzn(Sφ)n w−→ 0 as n→∞. Here (Sφ)n = Sφ(|Sφ|+ 1n )−1.
Proof. We shall first show that Uzn
w−→ 0. Since span{kz : z ∈ D} is dense in A2(D), it
suffices to show that for all z, w ∈ D, we have limn→∞⟨Uznkz, kw⟩ = 0. Fix z, w ∈ D. For
n ≥ 1,
⟨Uznkz, kw⟩ =
[(1− |w|2)(1− |z|2)(1− |zn|2)]
[(1− ⟨φzn(w), z⟩)(1− ⟨w, zn⟩)]2
.
Since |⟨φzn(w), z⟩| ≤ |z| and |⟨w, zn⟩| ≤ |w|, we obtain
|⟨Uznkz, kw⟩| ≤
(1− |w|2)(1− |z|2)(1− |zn|2)
(1− |z|)2(1− |w|)2 .
It then follows that limn→∞⟨Uznkz, kw⟩ = 0. For more details see [19].
Further, let (Sφ)n = Sφ(|Sφ|+ 1n )−1. Next, we shall prove that (Sφ)n −→ V strongly as
n→∞. Let {Eλ} be the spectral family for |Sφ|. Then (Sφ)n strongly converges to I−E0 as
n→∞. The reason is as follows: Notice that |Sφ| =
∞
0
λdEλ is the spectral decomposition
of |Sφ|. Let Sn = |Sφ|(|Sφ| + 1n )−1. Then SnE0f = (|Sφ| + 1n )−1|Sφ|E0f = 0 for
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f ∈ A2(D) and
∥Snf − (I − E0)f∥2 = ∥(Sn − I)(I − E0)f∥2
=
 ∞
0
 λλ+ 1n − 1
2 d∥Eλ(I − E0)f∥2
=
 ∞
0
 1nλ+ 1n
2 d∥Eλ(I − E0)f∥2.
From Lebesgue’s dominated convergence theorem, it follows that Sn strongly converges to
I − E0 as n → ∞. Thus we have (Sφ)n → V (I − E0) strongly as n → ∞. Since E0
is the projection onto the eigenspace {f ∈ A2(D) : Sφf = 0}, we get V E0 = 0. Conse-
quently, (Sφ)n −→ V strongly as n→∞. Hence it follows from [9] that Uzn(Sφ)n w−→ 0 as
n→∞. 
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